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a functional perturbation method
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Abstract

The buckling load and its probabilistic nature (average and variance) of Bernoulli beams with stochastic material

(bending stiffness) properties is derived analytically by a new functional perturbation method (FPM). A buckling shape

function is assumed, based on the homogeneous solution and additional terms to account for the morphology effects.

The buckling load in the transcendental equation is treated as a functional of the bending modulus (stiffness or

compliance) field. Applying a functional perturbation to the above equation, the buckling load is found analytically to

any desired degree of accuracy, as a function of material morphology. The FPM is executed using both stiffness and

compliance statistical data. The impact of each of the two data sources on the solution accuracy is examined, showing

that compliance based solutions are accurate for small correlation lengths. Statically indeterminate problems can be

treated with no additional effort. An example of a simply supported beam is solved in detail. Comparison with previous

studies, where stochastic finite element and Monte Carlo simulation were used, showed the relative accuracy and insight

capabilities of the method. The clamped-free case is also studied to demonstrate that symmetry conditions, used for

homogeneous beams to find the buckling load on the basis of a simply supported case, are not valid for heterogeneous

beams.
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1. Introduction

Buckling problems of heterogeneous structures (beams, plates) can be divided into two types. The first

concerns a structure with a cross sectional heterogeneity, which is a type of ‘‘imperfection’’ for which a

transverse displacement is present even for small loads. Failure criteria may be governed by allowable

deflections (essentially a bending problem). The second type is a problem related to longitudinal hetero-

geneity, which changes the buckling load itself (i.e., eigenvalue problem). Interestingly, most of the studies
in the literature (see a comprehensive review by Elishakoff, 2000) are dedicated to the first type, probably

because of its major importance in engineering design. However, the present study is concerned with the

second type. External loads are not stochastic, although reaction forces are generally random too.
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Solutions for the buckling loads of longitudinally heterogeneous beams can be either analytical (usually

by some perturbation method), numerical (Monte Carlo finite element simulation) or a mixture of both

(stochastic finite element, SFE). In addition, it is important whether the problem is statically determinate or

not, since indeterminacy causes the reaction forces (and therefore the buckling loads) to be functionally
(and statistically) dependent on the stiffness morphology.

In a pioneering work, Shinozuka and Astill (1972) used the classical perturbation method to analyze the

stability and vibration problem of beam columns. In their study, the average and variance of each solution

for the eigenvalue problem, was related only to the corresponding deflection mode of the homogeneous

solution.

Ramu and Ganesan (1994) studied the stability and vibration characteristics of beams with stochastic

material properties and loading, using energy principle and perturbation methods, and assuming again a

‘‘homogeneous’’ shape functions. Thus, the average buckling load was found to be independent of the
stiffness correlation length (roughly the ‘‘grain size’’).

Garrett (1992) used a Monte Carlo simulation (MCS, by finite elements) to study the morphology effect

on the buckling load. Zhang and Ellingwood (1995) used the SFE method, where the continuous random

fields of material properties are described by a given series of orthogonal functions. Thus, the correlation

length effect on the buckling load statistics could be incorporated.

Graham and Deodatis (1998, 2001), and Graham and Siragy (2001), solved the eigenvalue variability

problem as part of a more general SFE method using variability response functions and also found bounds

on the buckling load variability.
The inverse buckling method (Elishakoff, 2001) is a different approach to the problem of heterogeneous

beams, where specific stiffness functions are considered, for which an exact buckling solution is available.

Development of this method for stochastic heterogeneity is still in demand.

In this study, a functional perturbation method (FPM), previously developed for calculating the de-

flection (Altus, 2001) and strength (Altus and Givli, 2002) of stochastically heterogeneous beams, is further

generalized to treat buckling problems. The statistical features of the buckling load are obtained analyti-

cally, as a function of the material morphology characteristics i.e., multiple point probabilities of the

stiffness or compliance functions. The accuracy and validity of the method is checked by comparison with
the studies of Garrett (1992) and Zhang and Ellingwood (1995).
2. Notations, definitions and mathematical operations

In this chapter, a set of notations and operations used in the text are introduced. Section 2.1 deals with

probability and morphology, and Section 2.2 is related to functional algebra.
2.1. Probability symbols

Let E and I be the non-uniform Young�s modulus and cross sectional inertia, respectively, the bending
stiffness morphology is defined by
KðxÞ ¼ EðxÞIðxÞ: ð2:1Þ
KðxÞ is considered as a stochastic and statistically homogeneous field. The following common notations will
be used in the sequel:
K 0 ¼ K � hKi; K ¼ K
hKi ; K

0 ¼ K 0

hKi ; ð2:2Þ



E. Altus, E.M. Totry / International Journal of Solids and Structures 40 (2003) 6547–6565 6549
where hð Þi, ð Þ0 and ð Þ are notations for the statistical average, deviation from the mean and normalization

(usually to some average value). Thus ð Þ0 is the normalized deviation. Also,
VarðKÞ ¼ hðK 0Þ2i; VarðKÞ ¼ VarðKÞ
hKi2

ð2:3Þ
and
qK ¼ ½VarðKÞ	1=2; ð2:4Þ

is the coefficient of variation (COV) of K.
The two-point stiffness correlation function is defined as:
hK 0K 0i 
 hK 0ðxÞK 0ðX Þi ¼ hK 0ðxÞK 0ðxþ hÞi ¼ hK 0ðxÞK 0ðx� hÞi; ð2:5Þ

where x and X are coordinates along the beam and h ¼ jx� X j.
For random morphology of ‘‘grain like’’ materials, we define an effective ‘‘correlation length (distance)’’

k by:
 Z 1

0

hK 0ðxÞK 0ðxþ hÞidh ¼ khK 0ðxÞ2i ¼ kVarðKÞ; ð2:6Þ
which is in the order of the grain size. Note that (2.6) is one way of decoupling material properties ðVarðKÞÞ
from geometry characteristics (k). One of the convenient, frequently used correlation functions has the
exponential form, which yields:
hK 0
K

0i ¼ hðK 0Þ2i exp
�
� jX � xj

k

�
: ð2:7Þ
This form will also be used in the examples below.

2.2. Functional symbols and operations

First we define the Dirac singularity function by the functional self derivative (Beran, 1968):
dðx1 � x2Þ ¼
dKðx1Þ
dKðx2Þ

¼ dK;K : ð2:8Þ
The notation of the d symbol is common for both the Dirac function and functional derivatives. However,
this duplicity does not cause any confusion. Thus, by (2.8):
Kðx1Þ ¼
Z

dðx1 � x2ÞKðx2Þdx2; K ¼ d � K; ð2:9Þ
where (�) is the convolution symbol. Thus, Kðx1Þ is a functional of Kðx2Þ.
A simple integration is written by a functional unit symbol 1:
Z

KðxÞdx ¼ 1 � K ¼ K � 1: ð2:10Þ
Thus, 11 is a two variable unit function such that
1 � 1 ¼ x; d � 1 ¼ 1: ð2:11Þ

Two functions KðxÞ and SðxÞ, written next to each other without any symbol in between, are considered as
multiplied ‘‘externally’’, i.e.,
KS 
 Kðx1ÞSðx2Þ: ð2:12Þ
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Multiplication of two single variable functions at the same point is denoted by an ‘‘empty dot’’:
K � S 
 KðxÞSðxÞ; K2 
 K � K ð2:13Þ
and for multivariable functions:
Kd 
 Kðx1Þdðx2 � x3Þ; K � d 
 Kðx1Þdðx1 � x2Þ; ð2:14Þ
which is similar to scalar products in tensors.

Consider a parameter P , which is a functional of KðxÞ. The functional derivatives are generally written as
dP
dK


 dPfKðx1Þg
dKðx2Þ


 P;K ;
d2P

dK dK

 d2PfKðx1Þg

dKðx2ÞdKðx3Þ

 P;KK ; ð2:15Þ
where ð Þ and fg are designated for functions and functionals, respectively. Note that multiple derivatives
are also ‘‘external’’.

Now consider a parameter P , which is a functional of KðxÞ, as follows:
P ¼ PfKg ¼
Z

F ðx;KðxÞÞdx; ð2:16Þ
Thus, P is a functional of K through F , which is a function of K. The functional derivative of P with respect
to K is:
dP
dK

¼ dPfKðxÞg
dKðx1Þ

¼
Z

oF
oKðxÞ

dKðxÞ
dKðx1Þ

dx ¼
Z

oF
oKðxÞ dðx� x1Þdx ¼

oF
oK

����
x¼x1

¼ oF ðx1;Kðx1ÞÞ
oKðx1Þ

¼ F ;oK :

ð2:17Þ
For convenience, we use the convolution notation and write the above as:
P;dK ¼ F;K � K;dK ¼ F;K � d ¼ F;K ; ð2:18Þ
where ð Þ;K , ð Þ;dK and ð Þ;oK are for ‘‘general’’, functional and ‘‘regular’’ derivatives, respectively. However, in
cases where there is only one way of interpretation, the first symbol will be used for convenience. There is

also the problem of distinguishing between a partial functional derivative and a regular partial derivative,

but we will not assign additional symbols to avoid confusion.

Finally, multiple convolutions of functions of two or more variables are written consistently. For

example:
dK � P;KK � dK 
 dKðx1Þ �
d2P

dKðx1ÞdKðx2Þ
� dKðx2Þ: ð2:19Þ
Since P;KK is symmetric with respect to its two functional variables, we can write also
P;KK � �dK dK 
 dK � P;KK � dK: ð2:20Þ
Unless otherwise specified, convolutions (*) are performed along the length of the beam, i.e., from 0 to 1.
3. Buckling loads by the functional perturbation method––general procedures

In this section, the FPM, introduced by Altus (2001) for beam bending, is generalized for the study of

stability problems. Buckling loads are obtained analytically. The FPM procedure for a simple example is
used as a demonstration in Section (3.1), which is generalized in Section (3.2) to a class of compressive

loading and boundary conditions.
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3.1. Average and variance for the buckling load of a simply supported beam

Consider a beam of length L, simply supported at both ends, and loaded by a compression force P . EðxÞ
and IðxÞ are the non-uniform modulus and inertia, respectively. The bending stiffness (K) and compliance
(S) are defined as follows:
KðxÞ ¼ EIðxÞ; SðxÞ ¼ ðKðxÞÞ�1; ð3:1Þ

where x is the normalized (by L) longitudinal coordinate, i.e., (0 < x < 1).

Now, assume a buckling deflection of the form:
wðxÞ ¼
Xn

k¼1
AkwkðxÞ; ð3:2Þ
where wkðxÞ are a set of prescribed shape functions which obey the boundary conditions:

wkð0Þ ¼ wkð1Þ ¼ 0; wk;xxð0Þ ¼ wk;xxð1Þ ¼ 0: ð3:3Þ
Ak are shape coefficients to be determined. During buckling, the moment distribution MðxÞ along the beam
is simply:
MðxÞ ¼ PwðxÞ; ð3:4Þ

where P is the buckling load. The bending strain energy U during buckling is:
U ¼
Z 1

0

M2

2KðxÞ dx ¼
1

2
M2 � K�1 ð3:5Þ
and the external work done by the force P during buckling is:
T ¼
Z 1

0

P
2
ðw;xÞ2 dx ¼

1

2
P ðw;xÞ2 � 1: ð3:6Þ
Inserting (3.2) in (3.5) and (3.6), the total potential energy of the system P is:
P ¼ U � T ¼ 1
2
XkmAkAm; ð3:7Þ
where
Xkm ¼ Xmk ¼ P
Z 1

0

P
wk � wm

KðxÞ

�
� wk;x � wm;x

�
dx ¼ P ½P ðwk � wmÞ � K�1 � ðwk;x � wm;xÞ � 1	: ð3:8Þ
The critical buckling load PK , associated with the stiffness K is found by:
oP
oAn

¼ 0! 1
2
XkmðdknAm þ AkdmnÞ ¼ 1

2
½XnmAm þ XknAk	 ¼ XnmAm ¼ 0; ð3:9Þ
where the symmetry of X has been used. Therefore, the critical buckling load PK is found by solving the
equation:
D ¼ detðXÞ ¼ 0: ð3:10Þ
So far, Eqs. (3.1)–(3.10) described the elementary ‘‘energy based’’ approximate solution for the buckling

load. When the beam is non-uniform, D in (3.10) can be considered as a functional of K, and a function of
P , which itself is a functional of K, i.e.,
D ¼ DðfKg; PfKgÞ ¼ 0: ð3:11Þ
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Our first goal is to find the average buckling load for the stochastically heterogeneous beam. First note that
P ¼ PðhKiÞ þ P;K hKi � K
0

��� þ 1
2
P;KK

��
hKi � �K

0K 0 þ � � � ; ð3:12Þ
where K 0 ¼ dK for perturbation around hKi. Averaging (3.12) yields:
hP i ¼ P ðhKiÞ þ 1
2
P;KK

��
hKi � �hK

0K 0i þ � � � : ð3:13Þ
Since (3.11) is valid for any KðxÞ, it is specifically true for K ¼ hKi:

DðhKi; P hKiÞ ¼ 0: ð3:14Þ
Moreover, all functional derivatives of D, with respect to K also vanish. The first functional derivative is:
D;K ¼ dDðxÞ
dKðx1Þ

¼ oDðxÞ
oKðx1Þ

þ oD
oP

dP ðxÞ
dKðx1Þ

¼ D;oK þ D;PP;K ¼ 0: ð3:15Þ
By the same procedure, the second functional derivative is:
D;KK ¼ ðD;KÞ;K ¼ D;oK;oK þ 2D;oK;PP;K þ D;PP P;KP;K þ D;P P;KK ¼ 0; ð3:16Þ
where all values in (3.15) and (3.16) are at K ¼ hKi.
Thus, we can find P ðhKiÞ from (3.14), insert in (3.15) and obtain P;KðhKiÞ, insert in (3.16) to obtain

P;KKðhKiÞ etc. Once these functional derivatives are known, they are inserted in (3.13) to obtain an explicit
approximation for hP i.
Our next step is to calculate VarðP Þ, i.e.,
VarðP Þ ¼ hP 2i � hP i2: ð3:17Þ

Inserting (3.12) in (3.17), using the relation hK 0i ¼ 0 and rearranging, we obtain (notice the symmetrical

form):
VarðP Þ ¼ P;K jhKi � hK 0K 0i � P;K jhKi þOðK 03Þ: ð3:18Þ
Therefore, once we find P;K from (3.14) and (3.15), VarðP Þ is explicitly found from (3.18).

3.2. Generalization to other loading geometries

In the more general case, when the beam is statically indeterminate, the procedure is very similar. Take

for example the case of a beam which is clamped on both sides, or when more than two support points are

present. Assuming a deflection function, which fulfills all geometric boundary conditions as above, we

obtain the following form for the internal bending moment:
MðxÞ ¼ PAiwiðxÞ þ RIgIðxÞ; i 2 f1–ng; I 2 f1–Ng; ð3:19Þ

where R is a generalized force vector of the boundary constraints and g contains the specific (given, non-

random) geometry details of the constraints. Note that n 6¼ N .
Inserting (3.19) in (3.7), the minimum potential energy principle renders:
oP
oAj

¼ XðAAÞ
ji Ai þ XðARÞ

jI RI ¼ 0; ð3:20Þ
where
XðAAÞ
ji ¼ P 2

Z
wjwi

K
dx; XðARÞ

jI ¼ P
Z

wjgI
K

dx ð3:21Þ
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and
oP
oRJ

¼ XðRAÞ
Ji Ai þ XðRRÞ

JI RI ¼ 0; ð3:22Þ
where
XðRAÞ
Ji ¼ P

Z
gJwi

K
dx; XðRRÞ

JI ¼
Z

gJgI
K

dx: ð3:23Þ
Thus, similar to (3.10), the buckling load is obtained from:
D ¼ detðXÞ ¼ 0; ½X	 ¼ XðAAÞ
ji XðARÞ

jI

XðRAÞ
Ji XðRRÞ

JI

" #
; ð3:24Þ
where X is a symmetric ðnþ NÞ � ðnþ NÞ matrix.

4. Example: simply supported beam

The following example is chosen since its solution has been studied extensively in the literature by

Garrett (1992), using finite element MCS, and by Zhang and Ellingwood (1995), using SFE. We base our
deflection shape function ðwðxÞÞ on the exact shape of the homogeneous case. The reason is that this shape
coincides with the exact solution for the two non-homogeneous limit cases where the correlation distance is

very small or very large relative to the length of the beam. The above choice is applicable to any hetero-

geneous structure. Thus we assume a shape of the form:
wðxÞ ¼ A1w1ðxÞ þ A2w2ðxÞ ¼ A1 sinðpxÞ þ A2 sinðnpxÞ: ð4:1Þ

The second term serves as a ‘‘sensor’’ for studying the effect of (n) on the accuracy of the solution. Since
each term in (4.1) adds a degree of freedom to the beam, it is expected that the solution for the buckling

load will decrease as we use more terms, when the minimum potential energy principle is applied. There-

fore, we will choose the specific n, which yields the minimal buckling load. Since the first term corresponds

to the exact solution for the homogeneous case, the ‘‘best’’ n will also be the one for which the effect of w2 is
maximal. Of course, more terms can be added when necessary. Moreover, in more complicated cases, a

numerical solution for the homogeneous case can be found first, and then its shape function can be used as

the first term in (4.1).

The internal bending moment distribution MðxÞ along the beam is:
MðxÞ ¼ PwðxÞ: ð4:2Þ

It is obvious from (4.1) and (4.2) that the boundary conditions for both the deflections and the bending

moments are satisfied automatically. Inserting (4.1) and (4.2) in (3.5) and (3.6) and following the steps

through (3.10) yields:
P
PK�1 � w21 � p2=2 PK�1 � ðw1 � w2Þ
PK�1 � ðw1 � w2Þ PK�1 � w22 � n2p2=2

� �
A1
A2


 �
¼ 0: ð4:3Þ
A solution of (4.3) yields a quadratic equation for the buckling load P :
P 2½ðK�1 � w21ÞðK�1 � w22Þ � ðK�1 � ðw1 � w2ÞÞ2	 � P
p2

2
½n2ðK�1 � w21Þ þ ðK�1 � w22Þ	 þ

n2p4

4
¼ 0: ð4:4Þ
To calculate the buckling load by the FPM, we follow the procedure outlined in Section 3. Using (3.14) we

substitute K ¼ hKi in (4.4) and solve for P , obtaining the two solutions:

P1 ¼ PhKi ¼ p2hKi; P2 ¼ n2p2hKi: ð4:5Þ
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These are the Euler solutions, as expected. Using (4.5a) as the critical load for the homogeneous solution in

(3.15), we obtain:
P;K jhKi ¼
dP
dK

����
hKi

¼ � D;oK

D;P

����
hKi

; ð4:6Þ
where
D;oK ¼ P 2 2ðK�2 � w1 � w2ÞðK�1 � ðw1 � w2ÞÞ
�

� ðK�2 � w21ÞðK�1 � w22Þ � ðK�2 � w22ÞðK�1 � w21Þ



þ P
p2

2
½ðK�2 � w22Þ þ n2ðK�2 � w21Þ	 ð4:7Þ
and
D;P ¼ 2P ½ðK�1 � w21ÞðK�1 � w22Þ � ðK�1 � ðw1 � w2ÞÞ2	 �
p2

2
½K�1 � ðn2w21 þ w22Þ	: ð4:8Þ
Substituting K ¼ hKi in (4.7) and (4.8) and inserting in (4.6), yields simply:

P;K jhKi ¼ 2p2w21; ð4:9Þ
where w2 cancels out. Similarly, solving for P;KK from (3.16) using (4.7) and (4.8) and substituting K ¼ hKi
again (details are not given here) yields:
P;KK ¼ d2P
dK dK

����
hKi

¼ 4p2

hKi 2w21w
2
1

�
� w21 � d � 2

n2 � 1 ðw1 � w2Þðw1 � w2Þ
�
; ð4:10Þ
where the relations and operations defined in Section 2 have been used.

Finally, inserting (4.5a) and (4.10) in (3.13), and noticing that
ðw21 � dÞ � �hK 0
K

0i ¼ ðw21Þ � hK
02i ¼ ½ðw21Þ � 1	hK

02i ¼ 1
2
hK 02i; ð4:11Þ
we obtain:
h�PPKi ¼
hPKi
PhKi

¼ 1� VarðKÞ þ 4w21 � hK
0
K

0i � w21 �
4

n2 � 1 ðw1 � w2Þ � hK
0
K

0i � ðw1 � w2Þ: ð4:12Þ
From (3.18) and (4.9) we have also
Varð�PPKÞ ffi 4w21 � h�KK 0 �KK 0i � w21: ð4:13Þ

Eqs. (4.12) and (4.13) are analytical approximations for the average and variance of the buckling load,

which can be found explicitly for any given two point morphology data hK 0K 0i.
To proceed further analytically, and compare the FPM accuracy with previous studies, we use the same

common exponential distribution function from (2.7), insert in (4.12) and obtain:
hPKi � 1þ hK 02i � ðf ðkÞ � 1Þ ¼ 1� q2K � ð1� f ðkÞÞ; ð4:14Þ

where qK if from (2.4) and
f ðkÞ ¼ f1ðkÞ þ f2ðkÞ ð4:15Þ

and
f1ðkÞ ¼ k
3þ 20p2k2 þ 32p4k4ð1� kð1� expð�k�1ÞÞÞ

ð1þ 4p2k2Þ2
; ð4:16Þ
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f2ðkÞ ¼ k2
�4ðð�1Þne�1=k þ 1Þ

ðn2 � 1Þð1þ 2ðn2 þ 1Þp2k2 þ ðn2 � 1Þ2p4k4Þ

þ k
2ð�1Þne�1=kk � 1� kððn� 1Þ2p2k � 2Þ

ðn2 � 1Þð1þ ðn� 1Þ2p2k2Þ2
þ k

2ð�1Þne�1=kk � 1� kððnþ 1Þ2p2k � 2Þ
ðn2 � 1Þð1þ ðnþ 1Þ2p2k2Þ2

: ð4:17Þ
The functions f1 and f2 correspond to the effects of the first and second shape functions w1ðxÞ and w2ðxÞ,
respectively. Therefore, two scales are involved in the solution: the morphology scale (k) and the wave-
length of the second buckling shape (1=n). To check if they are related, we plot f2ðkÞ, which reflects the
influence of w2 on the solution, for different n values, as seen in Fig. 1. We see that for each n, the maximum
effect corresponds to 2k � 1=n, where from (2.7), 2k is roughly the ‘‘grain size’’. In any case, at n ¼ 2 the

effect on the buckling load approximation is maximal for any given k. This suggests that the heterogene-
ity effects on the buckling loads, is more pronounced through ‘‘large wavelength’’ buckling modes.

Therefore, n ¼ 2 will be used throughout for the second shape function w2. Inserting n ¼ 2 in (4.17) we

obtain:
f ðkÞ ¼ k
3þ 20p2k2 þ 32p4k4ð1� kð1� expð�k�1ÞÞÞ

ð1þ 4p2k2Þ2

"

� 2þ 30p
2k2 þ 118p4k4 � 128p4k5ðe�1=k þ 1Þ þ 90p6k6

3ð1þ 10p2k2 þ 9p4k4Þ2

#
: ð4:18Þ
Note that the function f has the asymptotic properties:
f ðk � 1Þ ¼ 7
3
k; f ðk ! 1Þ ¼ 1: ð4:19Þ
From (4.13) and (4.14), the COV of PK is found similarly:
�qqPðKÞ ¼
ðVarðP ÞÞ1=2

hPKi
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
hK 02if

q
1� hK 02ið1� f Þ

¼ qK

ffiffiffi
f

p

1� q2Kð1� f Þ ; ð4:20Þ
so that
�qqPðKÞðk � 1Þ � qK

ffiffiffiffiffi
7k
3

r
: ð4:21Þ
0
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The effect of f2, which reflects the influence of w2 on the solution of the buckling load, as a function of the morphology
tion length k and n.
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5. Comparison with previous studies

Using the procedure of Section 3.2, the FPM can be implemented to many other loading configurations

and boundary conditions with no additional difficulty. In this section the validity and accuracy of the
method are checked by comparing the results of Section 4 to previous studies by Zhang and Ellingwood

(1995) and Garrett (1992). Considering the same values for qK (¼ 0.3) and k (¼ 0.075) as Z & E, we obtain
from (4.14) and (4.18) the mean buckling loads for a deflection function wðxÞ having a single term ðw1Þ and
two terms (w1 and w2) in the deflection function (4.1):
Fig. 2

Ellingw
h�PPKi1 ¼ 0:929; h�PPKi2 ¼ 0:925: ð5:1Þ
The above values are shown in Fig. 2 as two horizontal lines together with the results reprinted from Z & E

work, which use the SFE method (second order perturbation SFE) and MCS. It is seen that the present

FPM is more accurate than the SFE even when using the first (homogeneous) term only. The excellent fit
with the 10,000 MCS results is also noted. When k � 1, (which means very large grains, or alternatively,

perfect two point stiffness correlation) Eq. (4.14) converges to:
h�PPKik!1 ¼ 1; ð5:2Þ
which agrees with both the MCS and the SFE, as expected, since this is the exact solution. On the other

hand, for k ! 0 (very small correlation length), (4.14) converges to:
h�PPKik!0 ¼ 1� hK 02i ¼ 0:91: ð5:3Þ
It is obvious that such a beam behaves homogeneously, with a macro-compliance equal to the average

micro compliance, i.e.,
Seff ¼
1

Keff
¼ hSi ¼ 1

K

� �
¼ hKi½1� hK 02i þ � � �	: ð5:4Þ
Thus, (5.3) exhibits the first two terms of a series, which converges to the exact solution for small corre-

lation length if we use higher order FPM terms. The accuracy is limited by the number of correlation points

we take in the expansion for P in (3.12). Note that in the SFE and MCS there is a convergence problem for
. Average buckling load calculated by (4.12), shown as two horizontal lines, compared to data reproduced from Zhang and

ood (1995). Striped line based on w1, full line based on w1 and w2.
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small values of correlation lengths due to numerical problems related to the finite elements size, and

therefore Z & E considered k P 0:075 as the lower limit for reliable results. However, the present FPM is

analytical and has no limitations of this type.
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MCS (Z&E, 1995)
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Fig. 3. Average buckling load as a function of the correlation length k, calculated by (4.12) using one and two deflection shape
functions. Solution compared to MCS by Zhang and Ellingwood (1995) (qK ¼ 0:3).
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Fig. 4. Average buckling load as a function of the correlation length k, calculated by (4.12) for different material COV. Solution
compared to MCS by Zhang and Ellingwood (1995).
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Fig. 5. Average buckling load as a function of the correlation length k, calculated by (4.12) for qK ¼ 0:1. Solution compared to SFE

results by Garrett (1992).
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Fig. 6. COV of the buckling load as a function of the correlation length k, calculated by (4.12). Solution compared to SFE results by
Garrett (1992) (qK ¼ 0:3).
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Fig. 7. COV of the buckling load as a function of the correlation length k, calculated by (4.12) for different qK . Solution compared to

MCS by Zhang and Ellingwood (1995).
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Fig. 3 shows the FPM solutions using one and two shape functions as a function of k as compared to the
Z & E results with MCS. The effect of the second shape function is small, but distinctive, and the accuracy is

good. Notice the discrepancy for the first (smallest k) MCS point. Figs. 4 and 5 compare the average
buckling load by Z & E and Garret�s with the two term FPM solutions for three different qK values. Figs. 6

and 7 show the associated comparisons for the buckling COV.
6. Approximations by compliance

So far, the FPM solution was based on the statistical information of the bending stiffness KðxÞ, starting
from the elementary homogeneous case for hKi. This was done since (a) previous studies are all based on
stiffness information, and (b) K (and not S�1) is commonly used in the elementary Euler buckling formulas.

In the heterogeneous case, hKi is the effective value for k ! 1 and hSi�1 is the exact value for k ! 0. It is
clear that expansion by S is justified for small k values, while K is appropriate for large k values. Therefore,
it is useful to examine the FPM solution based on S, and compare it to the one based on K. Recall also that
P ðK ¼ hKiÞ and P ðS ¼ hSiÞ are upper and lower bounds of the average buckling load for any morphology.
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Substituting S ¼ K�1 in (4.4) and following the FPM procedure through (4.12):
P1 ¼ PhSi ¼
p2

hSi ; P2 ¼
n2p2

hSi ; ð6:1Þ

P;SjhSi ¼ � 2p
2w21

hSi2
; ð6:2Þ

P;SS jhSi ¼
8p2

hSi3
w21w

2
1

�
� 1

n2 � 1 ðw1 � w2Þðw1 � w2Þ
�
: ð6:3Þ
Therefore,
hPSi ¼
hPSi
PhSi

� 1þ 4hS0
S
0i � � w21w

2
1

�
� 1

n2 � 1 ðw1 � w2Þðw1 � w2Þ
�
; ð6:4Þ
which is much simpler than (4.12).

The morphology information needed for (4.12) is different from the one for (6.4). From a given data on
hKi and hK 0K 0i alone, we cannot extract the exact values of hSi and hS 0S0i (although approximations can be
calculated, as will be shown in the next section). Therefore, in order to compare between the two solutions,

we have to choose a definite, fully defined morphology, from which any desired statistical data can be

drawn (either by K or S), and calculate these two types of characteristics, each substituted in the proper
equation. In addition, in order to use the results obtained above correctly, the chosen morphology should

fit its ‘‘K appearance’’ (2.7) too. Note that specific one and two point probabilities of S and K can be

‘‘created’’ by means of more than one specific morphology.

To achieve the above goals, we choose a special 1D ‘‘grain like’’ morphology, for which there is no
statistical correlation between the moduli of any two grains, while the modulus inside each grain is uniform.

In this case, the two point moduli correlation hK 0K 0i (or hS0S0i) can be divided into two categories: when the
two points are both in the same grain or not. Then,
hK 0K 0i ¼ xinhK 0K 0iin þ xouthK 0K 0iout; ð6:5Þ

where xin is the probability of having the two points in the same grain etc. For the special morphology
chosen, we have simply:
hK 0K 0iin ¼ hK 02i; hK 0K 0iout ¼ 0! hK 0K 0i ¼ xinhK 02i: ð6:6Þ

Since xin is a purely geometric parameter, and VarðKÞ is a purely moduli parameter, we can also write for
this morphology:
hS0S0i ¼ xinhS02i; ð6:7Þ

where from (2.7), we take
xin ¼ exp

�
� jx� X j

k

�
: ð6:8Þ
It is noted that Kr€ooner (1986) used the above method of uncoupling between ‘‘micro material’’ and ‘‘micro
structure’’ for calculation of effective moduli of polycrystals.

We now choose as an example, a probability density function pKðKÞ, which is uniform between two

extreme values (1� D) and (1þ D) as shown schematically in Fig. 8a. D is chosen in such a way that

qK ¼ 0:3, to fit our previous example. In our case,
hKi ¼ 1; h�KK 02i ¼ 0:09 ¼ h�KK2i � h�KKi2 ¼ D2

3
! D ¼ 0:5196: ð6:9Þ
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The compliance statistical density pSðSÞ is found from pKðKÞ by:
Fig. 9.

and (6
pSðSÞ ¼ pKðKðSÞÞjK;S j: ð6:10Þ

Substituting
K ¼ S�1; pKðKðSÞÞj1�D<K<1þD ¼ 1

2D
; jK;S j ¼ S�2 ð6:11Þ
in (6.10), we obtain:
pSðSÞjð1�DÞ�1<S<ð1þDÞ�1 ¼
1

2D
S�2; ð6:12Þ
which is shown schematically in Fig. 8b (note the non-uniformity). Once pS is known, we calculate the
corresponding average and variance of the compliance S (Fig. 8):
hSi ¼
Z

SpS dS ¼ 1

2D
ln

1þ D
1� D

� �
¼ 1:10814; hS2i ¼

Z
S2pS dS ¼ 1

1� D2
; ð6:13Þ

hS02i ¼ hS2i � hSi2 ¼ 1

1� D2
� 1

2D
ln

1þ D
1� D

� �� �2

¼ 0:1419: ð6:14Þ
We now have the morphology information needed to calculate the average buckling load using either K
(4.12) or S (6.4), such that they both fit the same specific material. The two approximations are shown in
Fig. 9, each using the two deflection shape functions (w1 and w2). The Z & E results (only two points found
for k < 1) using SFE method are also given for comparison. All results are normalized to PhKi, i.e,
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Average buckling load as a function of the correlation length k, calculated by stiffness and compliance perturbation (Eqs. (4.12)
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Fig. 8. Moduli probability density function (schematic): (a) stiffness K, (b) compliance S.
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hPSi
PhKi

¼ hPSi
PhSi

PhSi
PhKi

¼ h�PPSihKi�1hSi�1 ¼ 0:902h�PPSi: ð6:15Þ
From (6.4), we see that 0.902 is the exact buckling load for k ! 0, as seen also in Fig. 9.

Further examination of Fig. 9 yields the following:

(1) Solving through K or S, the buckling loads using w1 and w2 is always lower than for w1 only. This is
since from the principle of minimum potential energy, additional terms in the deflection function always
reduce the buckling load (more degrees of freedom). It means that for a given partial morphology data (for

example, hSi and hSSi), we obtain a conditional upper bound. However, since hSi and hSSi do not contain the

same morphological information as hKi and hKKi, the two conditional bounds cannot be ‘‘unified’’ to a
single, better bound.

(2) From the theory of effective moduli (Kr€ooner, 1986) it was shown that exact moduli can be ap-
proached either by a stiffness morphology series ‘‘from above’’, or by a compliance morphology series

‘‘from below’’. It means that stiffness based approximations are upper bounds while compliance based

approximations are lower bounds for the stiffness. However, these bounds are good for uniform macro
stress fields, where boundaries are not present.

(3) From (1) and (2), it is seen that two types of bounds are involved in the present analysis: one is related

to the number of deflection shape functions (upper), and the second is related to the type of modulus used

(upper for K and lower for S). Therefore, the line based on K in Fig. 9, is a true upper bounds, but the line
based on S is not a bound. Nevertheless, the ‘‘S’’ line is more accurate as k approaches zero.
7. Accuracy consideration for general morphology

In Section 6, buckling of a beam with a specific morphology was examined, for which the full statistical

information (point probabilities) is known. We could therefore study approximate solutions either through

S or K. This would be the case for any other ‘‘fully given’’ morphology. In these cases, our homogeneous
‘‘starting point’’ controls the solution accuracy. However, in many cases, we have only partial morpho-

logical information, which reduces the accuracy.

Consider for example, the case where only hKi and hK 0K 0i are known from measurements, but hSi and
hS0S0i are needed for buckling calculations, as for the case k > 1. Functional expansion yields:
S ¼ SjhKi þ S;K � K 0 þ S;KK � K 0K 0 þ � � � ; ð7:1Þ
where all derivatives are calculated at hKi. Therefore,
hSi ¼ SjhKi þ S;KK � hK 0K 0i þ � � � : ð7:2Þ
We see when only partial information on K is known, even hSi cannot be found accurately. Subtracting
(7.1) from (7.2) we obtain:
hS0S0i ¼ hðS;K � K 0ÞðS;K � K 0Þi þ � � � ffi S;K � hK 0K 0i � S;K : ð7:3Þ
Thus, both hSi and hSSi are accurate up to the hKKi order. This is in contrast to the case, where they are
measured directly, and are exact. Using the relation S ¼ K�1 we obtain:
SjhKi ¼ hKi�1; Sðx1Þ;Kðx2ÞjhKi ¼ �½Kðx1Þ	�2dðx1 � x2Þ: ð7:4Þ
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Inserting (7.4) in (7.3), and using the Dirac properties yields:
hS0S0i ¼ hKi�4hK 0K 0i þ � � � ; ð7:5Þ

which is the best accuracy we can achieve if only hKi and hK 0K 0i are given. Thus, it is expected that using
(7.5) and (7.4a) instead of the measured values of hSi and hS 0S0i will reduce the accuracy. However, if we
derive our calculation up to the ‘‘two point correlation’’, the order of accuracy is not expected to change.

We can therefore draw a general conclusion, that the accuracy of the FPM solution is of the order of hK 02i
for all k, values, independent of our ‘‘source data’’, coming from S or K. A more accurate statement will be
possible for every private case.

There is still the basic interesting problem of finding the best value of the homogeneous solution, around

which the most accurate solution is expected by the FPM for a given number of perturbation terms. This is

an optimization problem, which is currently under investigation.
8. Clamped-free beam and symmetry considerations

In homogeneous beams, the clamped-free (C-F) buckling load can be obtained directly from the solution

of the simply supported (S-S) case by symmetry conditions. However, if the bending stiffness is stochastic,

the symmetry is not valid, as seen above by the contribution of the second ðw2ðn ¼ 2ÞÞ non-symmetric shape
function. Therefore, it is interesting to study the difference between the two cases, originating from a net

morphology effect.

Assuming again a deflection shape wðxÞ of the C-F beam of length L ¼ 1 as a series of which the first

term has the shape function of the homogeneous solution, we have:
wðxÞ ¼ A1w1ðxÞ þ A2w2ðxÞ ¼ A1 1
�

� cos px
2

� ��
þ A2 1

�
� cos 3px

2

� ��
; ð8:1Þ
where the two boundary conditions at the fixed end (x ¼ 0) are satisfied. Note that the minimal n for the
second term is n ¼ 3, and not n ¼ 2 as for the S-S case. Recalling that the contribution of each term di-

minishes as n increases, we expect the effect of w2 in the C-F case to be smaller than for the S-S case.
The deflection of the beam at x ¼ 1 is (A1 þ A2), so the moment distribution along the beam is:
MðxÞ ¼ P ðA1 þ A2 � W Þ ¼ P A1 cos
px
2

� ��
þ A2 cos

3px
2

� ��
: ð8:2Þ
Performing the same FPM procedures as for the S-S case, with the same two point probability function for

the stiffness (2.7), the average buckling load is obtained as:
hPKi ¼ 1þ hK 02i � ðf ðkÞ � 1Þ ¼ 1� q2K � ð1� f ðkÞÞ; ð8:3Þ

where:
hPKi ¼
hPKi
PhKi

; PhKi ¼
p2hKi
4

; ð8:4Þ

f ðkÞ ¼ k
3� 4k þ 5p2k2 � 4p2k3ð1� expð�k�1ÞÞ þ 2p4k4 � 2p4k5ð1� expð�k�1ÞÞ

ð1þ p2k2Þ2

"

þ�2þ 4k � 15p2k2 þ 4p2k3ð3e�1=k þ 5Þ þ 33p4k4 þ 2p4k5ð15e�1=k þ 17Þ � 20p6k6

16ð1þ 5p2k2 þ 4p4k4Þ2

#
: ð8:5Þ
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The COV of the buckling load is:
Fig. 11

due to

Fig. 10

to mor
qP ¼ qK

ffiffiffi
f

p

1� q2K � ð1� f Þ : ð8:6Þ
Figs. 10 and 11 show the influence of k and qK on the mean and COV of the critical buckling load for

a C-F column, compared to the simply supported case. For the average buckling load, we examine the

parameters
DP ¼ 4hPKiCF=hPKiSS � 1; ð8:7Þ
and for the COV:
Dq ¼ 1� h�qqP iCF=h�qqP iSS: ð8:8Þ
It is seen from Fig. 10 that the morphology effects vanish for k ¼ 0 and k � 1 as expected. The CF

average buckling load is relatively larger than for the SS case. The reason is that when we ‘‘compose’’ an SS

beam of length 2 by two CF beams of length 1, the morphology in the double CF beam is symmetric,
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meaning larger correlation length and higher buckling loads. The effect is maximal at a grain size of

2k � 1=4.
Fig. 11 shows similar behavior for the statistical dispersion of the buckling load, which is slightly smaller

for the CF case. The reason is that the CF column is ‘‘enforced’’ to buckle in a ‘‘half symmetric’’ shape.
9. Conclusions

The FPM, developed here for buckling problems, was found to be more accurate than the SFE method,

and have no accuracy problems for small correlation lengths.

The advantages of the present FPM method is that, with the common (small deviation) limitation of any

perturbation scheme, the solutions are analytical, easy for calculation and provide an additional insight,

which is difficult to achieve by SFE or MCS methods.

Any perturbation method is limited in its accuracy to a relatively small region near the chosen parameter
or function. Therefore, care should be taken when using the method for the whole range of the correlation

length k. Using the FPM separately near hKi and hSi, showed how the first is more appropriate for k > 1

and the second is more suitable for k < 1. An accurate solution for the intermediate region (k � 1) is still in

demand. Moreover, the general problem of finding the best ‘‘homogeneous’’ material properties, to be used

as a zero order term for the heterogeneous case is a fundamental optimization problem, which deserves a

separate study.

The accuracy of the FPM is strongly related to the accuracy of the homogeneous (first term) shape

function. In many cases, an exact solution for the homogeneous case is available, and can be used for the
heterogeneous case. In more complex structures, where analytical solutions are not available, the homo-

geneous problem can be solved by any chosen approximate (numerical) method. Then, the homogeneous

shape function can be used as a first term in the FPM solution for the heterogeneous case.

The second order functional perturbation leads to a quadratic equation for the buckling load (4.4),

which can be solved analytically. This will not be the case when higher order morphology data is needed.

Fortunately, the higher order accuracy is not frequently needed in engineering practice.

Finally, it should be noted that practical structures are much more complicated, while a direct use of

FPM is clearly limited to simple problems. This gap can be closed in the future by implementing the FPM
for stochastically heterogeneous structures into regular FE programs.
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